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Abstract

The tensile stress–stretch behavior of an ethylene–propylene–diene terpolymer (EPDM) was experimentally inves-

tigated, both in a quasi-static stretching rate range (<0.4/s) with a conventional material test machine and in a dynamic
stretching rate range (2800/s–3200/s) with a split Hopkinson tension bar (SHTB) technique. Experimental data were

then analyzed using the Ogden and Roxburgh�s idealized Mullins effect modeling theory. Results show that the stress–
stretch behavior is significantly dependent on stretching rate and the Mullins effect exists under dynamic loading.

Furthermore, stretching rate only affects the material properties. The degree of damage in a stretched specimen is a

function of only the maximum stretch ratio the specimen experienced.

� 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

Cross-linked ethylene–propylene–diene terpolymer (EPDM) is one of the most commonly used industrial

polymers because of its outstanding resistance to aging due to heat, light, oxygen, and ozone. The physical

properties of EPDM and EPDM-based composites have been studied by many researchers (e.g., Zaharescu

et al., 2000; Das et al., 2002), but few efforts have been focused on its constitutive behavior. Because EPDM

has the potential to be used in blast/shock absorbing applications, it is necessary to model its constitutive

behavior under both quasi-static and high loading-rate deformation conditions.

The constitutive behavior of an elastomeric material is not necessarily repeatable when it is loaded for the
first few cycles (Bouasse and Carri�eere, 1903; Mullins, 1969). In order to accurately model the stress–strain
response, one must record and understand the inelastic deformation history of the material over the initial

loading cycles. The inelastic stress–strain behavior of elastomeric materials has been an area of active re-

search for a long time. There have been numerous experimental and analytical studies addressing different
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characteristics of the elastomeric response, such as stress softening, hysteresis, permanent set, and loading-

rate effect. For example, during the stress softening, phenomenon also known as Mullins effect (Mullins and

Tobin, 1965; Harwood et al., 1965; Harwood and Payne, 1966a,b) is an elastomer undergoes significant

softening during the first couple of loading cycles and then the material response approaches stability. The
stress-softening phenomenon was first observed in simple uniaxial tension by Bouasse and Carri�eere (1903)
on rubber vulcanizates, but Mullins (1947) distinguished himself by a thorough experimental study of

carbon-black filled rubber vulcanizates, which has resulted in the effect bearing his name. The review article

by Mullins (1969) refers to many early studies of this phenomenon in simple uniaxial extension. Interest-

ingly, recent studies revealed that a similar effect exists in rubber�s physical properties. For example, Sau
et al. (1998) found that the conductivity of EPDM rubber composites changes significantly when subjected

to mechanical stress and strain. It was found that there is a similarity in the change of modulus and

electrical resistivity against degree of strain and frequency of strain for different samples.
In addition to the Mullins effect, nearly all engineering rubbers exhibit some degree of hysteresis and

permanent set under cyclic loadings. For some filled rubber vulcanizates, hysteresis becomes insignificant

once the Mullins effect is removed, i.e., after the first several loading cycles. The ‘‘permanent set’’ is a

common terminology used in the rubber industry, and is often referred as residual strain in the literature. In

this paper, we will refer to the conventional permanent set as the permanent strain set in order to distin-

guish it from another phenomenon (permanent stress set) that we will discuss later on.

The constitutive behavior of a rubber has been found to be strongly loading rate dependent. The effects of

strain rate on stress-softening was probably first observed byKraus et al. (1966) during their experiments on a
carbon black-reinforced butadiene–styrene rubber. They reported that stress-softening depended on the

product of the extension rate and a temperature function. Bergstr€oom and Boyce (2001) recently consum-

mated a three-dimensional model that accounts for the rate dependence, but the Mullins effect was not

considered. Analytical three-dimensional modeling of theMullins effect has been the focus of recent research

activities (Govindjee and Simo, 1991;Miehe, 1995; Beatty andKrishnaswamy, 2000; Ogden, 2001; DeSimone

et al., 2001). Beatty and Krishnaswamy provided a theoretical foundation for modeling the Mullins effect in

both incompressible and compressible isotropic materials (Beatty and Krishnaswamy, 2000; Krishnaswamy

and Beatty, 2000). They considered the Mullins effect to be the result of internal stretch-induced damage and
introduced a softening function to express the extent of the damage sustained by the material, which depends

on the pre-experiencedmaximum strain state. A similar approach was taken in the model of theMullins effect

developed by Govindjee and Simo (1991). Using another approach, Ogden and Roxburgh (1999a) developed

a phenomenological theory of pseudo-elasticity for the Mullins effect, in which they employed a softening

variable controlled by the maximum energy state attained. The theory was modified by Ogden and Roxburgh

(1999b) to enable the permanent strain set to be accommodated, although an explicit form of the model for

such case is still under development (Ogden, personal communication, 2002). Despite of all of the research

efforts on the Mullins effect, the effects of loading rate have not been considered.
The application of EPDM rubber in blast/shock environments inevitably requires an understanding of

the loading-rate effects on the inelastic behavior of elastomeric materials. In this paper, the uniaxial tensile

stress–strain behavior of EPDM rubber is experimentally investigated in the quasi-static strain rate range

( _ee ¼ 0:004–0.4/s) as well as in the strain rate range of a split Hopkinson tension bar (SHTB) ( _ee � 3000/s).
The experiments are designed in such a way that the strain rate and Mullins effect on the tensile stress–

strain behavior can be studied based on the experimental results.
2. Grip design and strain evaluation

The EPDM characterized in this experimental research is manufactured by Gasket Specialties, Inc.
(http://www.gasketspecialties.com/) according to the military standard (MIL-G-22050C). The quasi-static

http://www.gasketspecialties.com/
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experiments were performed using a hydraulically driven material testing system (MTS 810). This material

testing system provides a ramp loading, with flexible adjustments to control cross-head rates. The stretching

rate with this machine can reach up to approximately 0.5/s, for a 300%-elongation loading cycle on a

specimen 6.5 mm in length and 7.5� 1.6 mm2 in cross-sectional area. For higher stretching rates in the
dynamic range, a SHTB modified with pulse-shaping and single-pulse loading techniques is employed.

Due to the large stretch ratios achieved in the experiments and the high Poisson�s ratio values for rubbery
materials, attention must be paid to the details of how the specimen was clamped in order to obtain valid

data. The grips also introduce minimum disturbances to the stress wave propagations in a SHTB when

employed in dynamic tests. Here we describe the design of the grips used to firmly clamp the rubber

specimen over the entire loading cycles and the strain evaluation made to verify that there was no slippage

between the grip and the specimen.

Proper design of a tension test fixture is one of the obstacles in an experimental investigation of tensile
properties of soft materials such as rubber. Because of the restrictions applied at the boundaries between

the specimen and gripping surfaces, the stress state in the specimen is far from a simple uniaxial tension

near the gripping area. The grip is typically designed as a metal clamp, which inevitably squeezes the rubber

specimen into a thin sheet and reshapes the specimen inside and near the grip. Although less popular, there

are a few alternative grips that were designed for clamping soft materials in an attempt to reduce the end

effects. For example, a �cryo-jaw� device (Riemersa and Schamhardt, 1982; Sharkey et al., 1995) was de-
signed to introduce a coolant to cool the specimen section inside the jaw to a temperature below glass

transition. Hardening of the soft specimen section by freezing can help the clamp to hold the specimen
without significant reshaping. However, the temperature gradient on the specimen introduced by the

freezing results in another form of inhomogeneous deformation near the grips, which complicates the

stress–strain state. This inhomogeneity in specimen deformation becomes more serious if the material needs

to be subjected to dynamic loading, where specimens must be short in order to achieve dynamic equilib-

rium. Besides clamping, another possible gripping method is to directly bond the specimen ends to smooth

faces of the grips. For example, Miller (2001) attached the ends of cylindrical brain specimens to platens of

a stress–strain testing machine using surgical glue. Since the glue provides restriction to the specimen, the

specimen is not in a pure uniaxial tension state. Miller theoretically analyzed the strain state in the specimen
and concluded that the deformed shape of a cylindrical specimen subjected to uniaxial extension is inde-

pendent of the form of the constitutive law, and that the stretch at the symmetrical center is proportional to

the distance between the ends of the specimen.

However, these alternative gripping designs are not applicable in the present research. The option of

direct bonding the specimen to grips is not feasible due to the high tensile strength and poor compatibility

of the EPDM material. The end-cooling option is not a possible gripping method due to the short specimen

restrictions imposed by the dynamic test requirements in this research. Therefore, a metal clamp was de-

signed that causes minimum disturbances to stress wave propagation in dynamic tensile experiments. The
sections of the specimen inside the grips are squeezed to a thin and expanded sheet, as shown in Fig. 1,

causing the stress state there and nearby to be non-uniaxial. However, this is the most feasible approach

under the given restrictions of dynamic tensile testing on soft materials. The consequences of adopting this

grip design is that the stress–strain behavior obtained from the experiments may not be exactly the behavior

under uniaxial stress conditions. However, the results are still valid for the investigation of rate effects on

the Mullins effect. Furthermore, the stretch measured from the grip separation may not be the specimen

stretch under uniaxial stress condition. A calibration experiment was designed to relate the stretch mea-

sured by the displacement of the two grips to a one-dimensional specimen stretch based on Miller�s (2001)
analysis.

In this calibration experiment, the specimen is held at different stretch levels while the displacements

between two grips are recorded to evaluate the strain applied on the specimen. The strain at the central

portion of the specimen is measured by taking digital images of the previously marked central portion with
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Fig. 1. A schematic description of deformed and undeformed configurations of the specimen.
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grips because the dimensions of the specimen do not allow the use of a conventional extensometer to
measure the strain at the central portion without the end effects from the grips. The calibration results of a

specimen as shown in Fig. 1 are shown in Fig. 2, which indicate that the strain at the central portion of the

specimen can be accurately evaluated by the displacement between grips with the same relationship Miller

(2001) obtained for a cylindrical specimen,
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Fig. 2. Relationship between strains evaluated using the displacement between grips and those evaluated using direct measurement at

the symmetrical central portion of the specimen.
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k � 1 ¼ K
l
L

�
� 1

�
ð1Þ
where k is the stretch of specimen and the constant K is 1.0283 in this case of rectangular cross-section

(7.5� 1.6 mm2) instead of 1.583 as in Miller�s case of a circular cross-section. The fact that the value of K is
less than 3% from unity indicates that the end effects in the specimen are not significant despite the em-

ployment of the direct clamping method. Several calibration experiments for the determination of K were
conducted with specimen lengths ðLÞ ranging 4–8 mm, which is the range covering the lengths of specimens
used for this study. The fact that K remains a constant over the entire stretch range, as shown in Fig. 2,
indicates that there cannot be measurable slippage between the specimen and the grips over the entire

duration of the experiment. The cross-section of the calibration specimens was the same as that of the test

specimens. The length range selected for this study is restricted by the requirement that dynamic force

equilibrium must be maintained during dynamic loading for the purpose of measuring the material
properties from the specimen under valid dynamic testing conditions. With confidence in the accuracy of

the strain measurements as displayed in Fig. 2, tensile experiments were conducted on EPDM specimens

under both quasi-static and dynamic loading conditions.
3. Quasi-static experiments

Quasi-static uniaxial tensile experiments were conducted at room temperature using a computer-

controlled MTS servo-hydraulic testing machine operated in the displacement control mode. The EPDM

specimens, with dimensions of 6.5 mm in length and 7.5� 1.6 mm2 in cross-sectional area, were subjected to

loading cycles consisting of a set of constant strain-rate segments in order to probe strain-rate dependence

during both loading and unloading. The strains were evaluated with cross-head displacements and cor-

rected using Eq. (1) as discussed above.

3.1. Experimental results

In order to investigate the effects of loading rate and previous maximum stretch on the stress–strain

response of the EPDM rubber, as well as the stress-softening behavior, a series of quasi-static tensile ex-
periments was performed at various loading rates and stretch ratios. Experiments were also performed

where loading rate and maximum stretch were systematically varied and repeated within one test to ex-

amine the inter-relationship between the loading rate and maximum stretch. The results of these experi-

ments are summarized in Figs. 3–6. The stresses are reported as engineering stresses, which are loads per

unit of original cross-sectional area. The abscissa used here is stretch, which is the current length of the

specimen divided by the original length ðl=LÞ.
Fig. 3 shows the stress–stretch ratio curves obtained from a virgin specimen subjected the loading history

shown as the insert in Fig. 3. The numbers in Fig. 3 indicate the loading cycle sequence. The loading was
applied at a stretch ratio rate of 0.004/s. When the stretch ratio is less than 1.5, the top curve in the initial

section ð0 < k < 1:5Þ of Fig. 3 is the first stress–stretch ratio curve obtained from the specimen when

subjected to tensile loading. The curve exhibits a slightly non-linear behavior. At k ¼ 1:5, the testing
machine was controlled to initiate unloading. As the cross-head moved backward, the stress in the specimen

decreased. This unloading stress–stretch behavior is shown in Fig. 3 as the curve initiating at the first peak

stress at k ¼ 1:5 and ending at zero stress but a small permanent stretch ðk ¼ 1:05Þ. This permanent stretch
is called the permanent strain set. Since our calibration experiments showed there was no slippage between

the specimen and the grips, the permanent stretch appearing in Fig. 3 is not from specimen slippage, but
is the material behavior characterized as the permanent strain set. This is an indication that the
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Fig. 4. Experimental results with different stretching rates.
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Fig. 3. Stress–stretch behaviors under loading rate 0.004/s.
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microstructure of the specimen material has been permanently damaged by the loading cycle. It has been

verified that the permanent strain set was not recoverable, even after leaving the specimen stress free (but

clamped) for a week. The fact that the unloading curve is well below the loading curve indicates significant

hysteresis over the loading cycle, another evidence of internal damage in the specimen caused by loading.

After unloading, the specimen was reloaded back to a stretch ratio of k ¼ 1:5. The second loading curve has
a similar trend as the first loading curve. However, the stress amplitude is well below that from the first
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Fig. 5. Experimental results of a specimen with stretching rate sequence of 0.004/s–0.4/s–0.004/s–0.4/s.
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Fig. 6. Experimental results of a specimen with stretching rate sequence of 0.4/s–0.004/s–0.4/s–0.004/s.
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loading curve at all stretches. This is a typical stress-softening phenomenon in elastomers, and is commonly
known as the Mullins effect. When the specimen is stretched to k ¼ 1:5 for the second time, the stress
achieved is slightly less than that achieved from the first time. We call this phenomenon, which has not been

identified in the literature, permanent stress set.

At k ¼ 1:5, the specimen was unloaded again. The second unloading curve is similar to the first one
except that the peak load is slightly lower and the permanent strain set is slightly larger when the stress
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reaches zero. A third loading to k ¼ 1:5 resulted in very similar loading–unloading stress–stretch curves as
those from the second loading cycle. This fact indicates that the internal damage in the specimen due to

repeated loading is much less significant in the specimen if the maximum stretch from the first loading is not

exceeded.
However, when the previous maximum stretch is exceeded, the loading–unloading behavior merges

back to that from the first loading shortly after the previous maximum stretch. This is shown as the

stress–stretch curve from loading cycle #4 in Fig. 3. When k < 1:5, the loading stress–stretch curve nearly
overlaps that from loading cycle #3. At k ¼ 1:5, the stress is slightly below that from loading cycle #1, by
the amount of the permanent stress set. As the stretch ratio further increases from 1.5, the stress

gradually increases to a level as if it was on the extension from the cycle #1 stress–stretch curve. The

merge occurs at k � 1:6. After k ¼ 1:6, the specimen deforms as if it was loaded for the first time. The
specimen is eventually unloaded again at k ¼ 2:0. As the stretch decreases, significant hysteresis and
the permanent strain set are again observed, as shown in Fig. 3. When the specimen is loaded by a 5th

loading cycle to a maximum stretch ratio of 2.0, the Mullins effect and the permanent stress set are again

observed, just as the observation from the second loading cycle except for the maximum stretch ratio.

The same procedure is repeated again at maximum stretch ratios of 2.5 and 3.0, and similar stress–stretch

behavior (hysteresis, Mullins effect, permanent strain set, and permanent stress set) is observed, as shown

in Fig. 3, at different stretch levels.

The experimental results summarized in Fig. 3 demonstrate that substantial hysteresis occurs at any level

of maximum stretch when the material is loaded to that maximum stretch for the first time. However,
hysteresis decreases significantly over subsequent loading cycles at or below the previous maximum stretch

level. This fact indicates that the maximum stretch in the loading history of an elastomer specimen dom-

inates the amount of internal damage in the specimen from its virgin state. The results in Fig. 3 also show

that both the permanent strain set and stress set increase with increasing maximum stretch, which means

that the degree of permanent damage also depends on the stretch level applied on the specimen. An im-

portant phenomenon that repeats itself at all maximum stretch levels shown in Fig. 3 is the permanent stress

set, the fact that the subsequent loading cannot reach the same stress level as the original loading at the

maximum stretch. In order to reach the stress level, the stretch during the subsequent loading must exceed
the maximum stretch on the original loading path. However, the subsequent loading merges into the

original loading path, leaving a gap between the previous maximum stretch and the merging point. The

stress in this gap is below the stress on the original loading path without unloading.

Significant stress softening, i.e., the Mullins effect, occurs at all maximum stretch levels between the first

and second loading cycles. The subsequent loading causes further stress-softening on the specimen, but the

degree of damage is much smaller than that from the original loading. We have conducted repeated ex-

periments and found that it takes more than five repeated loading cycles for the EPDM specimen to reach

its steady state, in which there is repeatability on the loading paths. However, the first loading cycle makes
most of the contribution to the stress softening.

In order to investigate the loading rate effects on the stress–stretch behavior of the EPDM rubber, tensile

experiments were performed at stretching rates of 0.004, 0.04, and 0.4/s. A virgin specimen was used for

each experiment. The maximum stretch reached in these experiments was k ¼ 3:0. Fig. 4 shows the results
from these experiments. The stress–stretch curve obtained from the first loading cycle at a stretching rate of

0.004/s shows behavior identical to the envelope of the stress–stretch curves loaded to a maximum stretch

for the first time (i.e., the envelope of curves #1, 4, 7, and 10) in Fig. 3. As the loading rate increases, the

stress levels at both the loading and unloading curves increase. At k ¼ 3:0, the stress increases from 4.88
MPa at _kk ¼ 0:004/s to 5.46 MPa at _kk ¼ 0:4/s. Therefore, the mechanical response of EPDM rubber is

loading rate sensitive even within the quasi-static range.

In order to investigate the inter-relations among loading rate, maximum stretch, and stress softening, the

loading rate and maximum stretch were varied and loading cycles were repeated within an experiment.
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Figs. 5 and 6 show the results from such experiments. The results shown in Fig. 5 are for a virgin specimen

that was stretched to a stretch of 1.5 at a stretching rate of 0.004/s. This loading was repeated three times to

achieve a near steady state in the specimen (for clarity, only two cycles are shown in Fig. 5). The curves

from the last two cycles are nearly overlapping. Then, the specimen was stretched to a stretch ratio of 2.0
for three repeated cycles at a stretching rate of 0.4/s. After these loading cycles, the specimen was further

stretched to 2.5 for three repeated cycles with a stretching rate 0.004/s again, and finally, stretched to 3.0 for

three repeated cycles at 0.4/s. On the other hand, a stretching rate sequence of 0.4/s, 0.004/s, 0.4/s, and

0.004/s was used for the experiments shown in Fig. 6. The stress–stretch curves in Figs. 5 and 6 show that

the curves follow their monotonic behavior at various stretching rates, even though the stretching rate was

switched back and forth in the middle of an experiment. Therefore, the results in Figs. 5 and 6 demonstrate

that the effects of loading rate and maximum stretch on stress-softening are independent of each other, since

inserting loading cycles with higher or lower loading rate does not change the behavior once the sequence
reverts back to a loading path at the previous loading rate.

3.2. Phenomenological modeling

No unanimously accepted explanation of the mechanism of the Mullins effect in rubber materials is

available so far. Mullins and Tobin (Mullins, 1969) proposed a quantitative and phenomenological stress-

softening model, considering that the material is constituted by a soft phase and a hard phase. During

deformation, hard regions are broken down and transformed into soft regions. Then the fraction of the soft

region increases with increasing stretch. Mullins suggested that the stress softening is due to disentangle-

ment of the network chains with the breakdown of interactions between the filler particles and the rubber

matrix. Beatty and Krishnaswamy�s (2000) model was based on this two-phase assumption of Mullins and
Tobin, although their model does not cover loading-rate effect. They suggested that the hard phase of the

model could be interpreted as clusters of molecular chains held together by short chain segments, chain

entanglements, or inter-molecular forces.

Our results shown in Figs. 5 and 6 corroborate that, in the limited range of a low stretching rate (at least

<0.4/s), the degree of damage is independent of the loading rate and the loading rate only affects the
material parameters. Therefore, we divide the effects of loading-rate on the stress–stretch behavior of

rubber materials into two parts. First, the material parameters used to describe the stress–strain behavior of

rubber materials are dependent on loading rate, just as the well-known behavior of viscoelastic metals.
Unlike in metals, the material damage in rubber materials occurs at the very beginning of stretch and

continues as stretch increases. The second effect of loading rate on the stress–stretch behavior is degree of

damage, which is usually described by most researchers as a scalar monotonically increasing function of

maximum stretch experienced by the material.

Ogden and Roxburgh (1999a) developed a phenomenological theory of pseudo-elasticity to model an

idealized Mullins effect under quasi-static loading, which considers the stress–stretch behavior without

hysteresis and permanent sets. Later, they modified this theory to provide a modeling frame that can ac-

commodate the permanent strain set (Ogden and Roxburgh, 1999b). An explicit formulation is not yet
available (Ogden, personal communication, 2002), although a model incorporating the permanent strain set

was published by Holzapfel et al. (1999), but it is not proper for the description of rubber behavior due to

its inflexibility.

There are many other models for the description of the behavior of rubber under quasi-static loading.

For example, Beatty and Krishnaswamy (2000) developed a theory of stress-softening in incompressible

isotropic materials by introducing a stress-softening variable, which is a monotonically increasing function

of the maximum previous strain experienced by the material. Marckmann et al. (2002) recently proposed a

modified version of Arruda and Boyce�s (1993) eight-chain model to accommodate the description of the
Mullins effect. However, there is no model available that can accommodate all of the properties investigated
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in this research, i.e., Mullins effect, permanent strain set, permanent stress set, hysteresis, and loading rate

effects. In the following, Ogden and Roxburgh�s (1999a) idealized Mullins effect modeling theory will be
employed to describe the behavior of EPDM rubber under low loading rates (6 0.4/s) heuristically. Al-

though this model does not cover permanent sets and loading rate effects, it does provides much flexibility,
allowing it to give a better description of the stress–stretch behavior of rubber materials.

The stress–stretch behavior on the original loading path was described by Ogden and Roxburgh

(1999a) using a strain-energy function in the usual way for an incompressible hyperelastic material as

follows,
r1 � r3 ¼ k1
oW
ok1

; r2 � r3 ¼ k2
oW
ok2

ð2Þ
where ri (i ¼ 1, 2 and 3) are the principal Cauchy stresses, ki (i ¼ 1, 2 and 3) are principal stretches, and W
is a strain-energy function. Since incompressibility requires k1k2k3 ¼ 1, the strain-energy function, W , is a
function of k1 and k2 only. W is also taken to be a function of g, an additional variable that describes the
internal damage state in the material and takes the value of unity on the original loading path, with the

form as
W ðk1; k1; gÞ ¼ g eWW ðk1; k1Þ þ /ðgÞ ð3Þ
where / is a smooth damage function subjected to /ð1Þ ¼ 0, eWW ðk1; k1Þ is a strain-energy function char-
acterizing the original loading path in ðk1; k2Þ-space, which takes any standard form of the strain-energy

function, such as the neo-Hookean or Ogden forms, and g is unity on the original loading path. On any
unloading or subsequent submaximal loading, g is less than unity. Therefore, the Cauchy stresses are now
given by
r1 � r3 ¼ gk1
o eWW
ok1

; r2 � r3 ¼ gk2
o eWW
ok2

ð4Þ
Ogden and Roxburgh (1999a) proposed a particular form for /ðgÞ by considering all the restricting
conditions for a strain-energy function. With this particular damage function, the parameter g was de-
rived as
gðk1; k2Þ ¼ 1�
1

r
erf

1

m
eWW ðk1;max; k2;maxÞ

h�
� eWW ðk1; k2Þ

i�
ð5Þ
where ki;max (i ¼ 1 and 2) are maximum principal stretches attained on the original loading path, m and r are
two empirical material parameters, and erfð�Þ is the error function.
For simple tension on an incompressible material, the Cauchy stresses and principal stretches are
r1 ¼ r; r2 ¼ r3 ¼ 0
and
k1 ¼ k; k2 ¼ k3 ¼ k�1=2
By taking the Ogden form of the strain-energy function,
eWW ðk1; k2Þ ¼ l
X3
i¼1

li

ai
ðkai
1 þ kai

2 þ kai
3 � 3Þ ð6Þ
we obtain the following model for engineering stress under simple tension loading,



Fig. 7.

(1999a
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rE ¼ r
k
¼ gl

X3
i¼1

li kai�1
	

� k�ðai=2Þ�1



ð7Þ
with
gðkÞ ¼ 1� 1
r
erf

l
m

X3
i¼1

li

ai
kai
max

	"
� kai þ 2k�ðai=2Þ

max � 2k�ðai=2Þ

#

ð8Þ
where ai, li (i ¼ 1, 2, and 3) and l are material constants such that 2G ¼ l
P3

i¼1 liai; liai > 0 with G as the
shear modulus in the reference configuration, and kmax is the maximum stretch attained on the original

loading path. Since the parameter l can be absorbed into li (i ¼ 1, 2, and 3), it can be set to be unity under
quasi-static loading. Since Ogden and Roxburgh�s (1999a) model does not accommodate hysteresis, we
consider only the loading path hereafter. Fig. 7 shows the results of non-linear least squares curve-fitting of
stress–stretch ratio data at a stretching rate of 0.004/s.

Ogden and Roxburgh�s (1999a) model can precisely describe the original loading path. However, it is not
accurate enough to predict the subsequent loading paths. This is because Ogden and Roxburgh�s model
ignores the effects of the permanent strain set and permanent stress set. The material constants identified by

non-linear least-squares curve fitting of experimental data with 0.004/s stretching rate are listed in Table 1.

As revealed by the experimental results shown in Figs. 5 and 6, the effects of loading rate and maximum

stretch on the stress–stretch behavior can be considered independent of each other. The mechanism for this

phenomenon is considered to be that the damage in the material depends only on the maximum stretch. The
loading-rate in the quasi-static range is not high enough to induce additional damage in the material.

Therefore, there is no need to include a parameter in the constitutive model to describe the coupling

effect of loading rate and maximum stretch. Only material parameters are dependent on loading rate.

Furthermore, the results shown in Fig. 4 indicate that one can only change parameter l to describe the
stress–stretch behavior at different loading rates. Fig. 8 shows the results of the model prediction for the
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Table 1

Model parameters li and ai (i ¼ 1, 2, and 3) at a stretching rate of 0.004/s
i 1 2 3

li 744.9711 )239.0485 )0.3031
ai )0.0673 )0.2128 )7.2684
m 0.9773

r 2.0620
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Fig. 8. Comparison between raw experimental data and predicted data with loading rate range under 0.4/s.

4760 M. Cheng, W. Chen / International Journal of Solids and Structures 40 (2003) 4749–4768
experiments shown in Fig. 4, which indicate that assuming only parameter l as a function of loading rate is
sufficient to give a description of the stress–stretch behavior of EPDM rubber. (The values of parameter l
at different loading-rates are listed in Table 2.) However, this conclusion is only justified by the experiments

at stretching rates lower than 0.4/s. The proper loading-rate range needs to be identified by experiments at

higher stretching rates, which is beyond the capacity of our quasi-static experimental facilities.

In order to determine if our conclusion that parameter l as a function of loading rate in the quasi-static
stretching rate range can be adapted to describe the stress–stretch behavior at varied stretching rates within

the loading history of a specimen, the loading processes shown in Figs. 5 and 6 were predicted using Ogden

and Roxburgh�s (1999a) model (Eq. (7)) with parameters given in Tables 1 and 2. Figs. 9 and 10 are
comparisons between predicted data and experimental data at mixing loading rates, and they further justify

the conclusion that the variation of l is sufficient to determine the rate effects in the quasi-static range
investigated.
Table 2

Model parameter l as a function of stretch rate

Stretching rate (/s) 0.004 0.04 0.4

l 1 1.0713 1.1185
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4. Dynamic experiments

The SHTB experimental technique (Gray, 2000; Gray and Blumenthal, 2000) was employed to in-

vestigate the tensile stress–stretch behavior of the EPDM rubber under dynamic (high-rate) loading.
When a soft specimen is tested with a SHTB, there is a dramatic mechanical impedance mismatch

between the specimen and the bars. Such an impedance mismatch causes two significant problems as-

sociated with the accurate determination of the stress and strain histories in the specimen under dynamic
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deformation. When the impedance of the specimen is much lower than that of the incident bar, nearly

all of the incident pulse is reflected back to the incident bar, making the profile of the reflected signal

nearly irrelevant to the specimen. However, according to the split Hopkinson bar data-reduction

scheme, the reflected signal is proportional to the strain rate in the specimen, which should depend on
the specimen material and its response to mechanical loading. On the other side of the specimen, only a

very small stress pulse is transmitted into the transmission bar due to the very small strength and

mechanical impedance of the soft specimen. This makes it very difficult to accurately determine the

transmitted signal, which is proportional to the stress history in the specimen according to Hopkinson

bar theory based on one-dimensional wave propagation, using conventional strain gages mounted on the

bar surface.

A laser displacement measurement device was used to accurately measure the actual strain history in the

specimen. The device includes a laser diode, a line head, and a photo detector. The details and working
principles of the laser device are given by Ramesh and Narasimhan (1996). The only differences are that the

setup was turned 90� from Ramesh and Narasimhan�s design and an opening gap was measured instead of
an expanding rod cross-section. A hollow bar technique (Chen et al., 1999) was used to accurately measure

the transmitted force signal for stress assessment. To shorten the force disequilibrium period at the very

beginning stage of the loading cycle and obtain a constant loading rate, a pulse-shaping technique (Chen

et al., 2002) was employed. Furthermore, a momentum trapping technique (Nemat-Naser et al., 1991) was

adopted to avoid undesired repeated loading on the specimen. A schematic illustration of the dynamic

experimental setup is provided in Fig. 11.
During an experiment using the setup shown in Fig. 11, the gas gun speeds up a striker tube toward the

flange. Once the striker tube impacts the flange, a tensile stress pulse is created within the incident bar and

the end face of the flange moves toward the momentum trap bar. The momentum trap bar is initially placed

a distance, d, away from the flange, as shown in Fig. 11. The gap distance (d) is set according to the particle
velocity at the flange face during the tensile pulse period, such that the incident bar and the momentum trap

bar are in full contact through the flange at the end of the loading pulse. Then, the tensile pulse travels
Fig. 11. Split Hopkinson tension bar with pulse shaping, momentum trap bar, hollow transmission bar and laser stretch measurement

techniques.
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toward the specimen, where it is partly transmitted into the transmission bar through the specimen and the

rest of the pulse reflected as compression back into the incident bar. Since rubber materials are small in

mechanical impedance compared with metal incident bars, the reflected compression is often nearly the

same as the incident pulse. The reflected compression pulse is then transmitted into the momentum trap bar
through the now-in-contact interface between the flange and momentum trap bar. The compression pulse

crossing through the interface will be trapped in the momentum trap bar since the contact interface cannot

support tension. In the experimental procedure, the gap setting is critical. Although this gap can be cal-

culated by considering the gas gun�s breech pressure, it provides a starting point that must be fine tuned in
practice. This momentum trap bar technique was first proposed by Nemat-Naser et al. (1991). If this

technique is not applied, the repeated tensile loading will overlap an extra specimen stretch on previous

stretches, making it impossible to determine the maximum stretch the specimen experiences during one

experiment, which is critical for examining the Mullins effect under high loading rates. The effects of the
momentum trap bar are shown in Fig. 12.

Fig. 12(a) shows typical signals recorded in a dynamic SHTB experiment. With the successful application

of the momentum trap bar technique, only one tensile pulse was applied on the specimen. In this case, the

maximum stretch can be determined from the stretch record since the stretch decreases after the first tensile

pulse. If the gap (d) is not set properly, multiple tensile pulses will be applied on the specimen, consecu-
tively. For example, Fig. 12(b) shows the results when the gap (d) is too big to activate the momentum trap
bar. In this case, many tensile pulses can be recognized from the incident signal. Furthermore, the following

repeated pulses still possess significant amplitudes that can further load the specimen. From the stretch
signal in Fig. 12(b), we can see that the stretch goes up step by step upon the arrival of each tensile loading

pulse. (The stretch reaches a very high level that is beyond the scope of our recording instrument.)

Meanwhile, the strain signal in the transmission bar is amplified more and more because of the repeated

loading. Both the stretch and transmitted signals in Fig. 12(b) are clipped since the input range of our

recording instrument is 	10 V.
Fig. 12. Typical signals recorded in a dynamic experiment: (a) with momentum trap bar technique; (b) without momentum trap bar

technique.
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4.1. Experimental results

Fig. 13 shows the dynamic stress–stretch curves obtained from the dynamic SHTB experiments with the

quasi-static experimental result at the stretching rate of 0.4/s embedded as a reference for the effects of
loading rates. Due to the drastic mechanical impedance mismatch between the rubber specimen and the

metal bars, the dynamic unloading behavior of the rubber specimen cannot be accurately recorded.

Therefore, only the loading and early unloading portions of the dynamic stress–stretch curves are shown in

Fig. 13. This drawback thwarts the plan to investigate the permanent strain set at high stretching rate using

the SHTB technique. The results displayed in Fig. 13 reveal that the EPDM rubber possesses a significant

rate-dependent constitutive behavior in tension. The stress reaches much higher values at the stretching rate

of 3000/s than that at 0.4/s at the same stretch level. However, within a limited stretching rate range, for

example, from 2800/s to 3000/s, it is difficult to tell any difference between their stress–stretch loading
curves, as shown in Fig. 13.

In order to examine the stress-softening behavior (Mullins effect) at high stretching rates, three experi-

ments were conducted sequentially on a specimen with short, middle, and long striker tubes. Since the

length of the striker tube is proportional to the maximum stretch of the specimen provided the striker

velocities at the moment of impact are kept the same, the maximum stretch with the second experiment is

larger than the first, and the third is larger than the second. In this way, it is possible to obtain a series of

loading curves with increasing maximum stretches. One set of experimental results with such a series of

curves are shown in Fig. 14, in which the subsequent loading paths are below the original loading path
before the stretch exceeds the previous maximum stretch. Three loading curves are shown in this figure. The

first one is the loading curve generated by a short striker tube with a maximum stretch ratio of 1.30. The

next loading curve with a maximum stretch ratio of 1.55 was generated by a middle-length striker tube.

Finally, a long striker tube was used to cause the same specimen to stretch to about 1.85. Once the stretch

on a subsequent loading exceeds the previous maximum stretch, the stress–stretch curve comes back to the

original loading path the same as the stress–stretch behaviors observed under quasi-static loading condi-

tions. Again, the unloading portions of the dynamic stress–stretch curves are not included in Fig. 14 due to
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poor accuracy. Furthermore, only one set of dynamic results is displayed for clarity of the presentation
since all the SHTB results are very close, as shown in Fig. 13.
4.2. Phenomenological modeling

Heuristically, Ogden and Roxburgh�s (1999a) model is employed again to explore the experimental
results from dynamic tests. The model (Eq. (7)) is a phenomenological model; multiple sets of material

parameters can be obtained by fitting into one stress–stretch curve. Therefore, a non-linear least-squares

method was used to minimize the sum of the squares of the residuals between the experimental data and

expected values. The material parameters obtained from the quasi-static experiments were used as starting
estimates. Table 3 lists the curve-fitting results while the predicted behaviors with this set of material

parameters are shown in Fig. 14.

In the quasi-static stretching rate range, it was found that the effects of stretching rate on the stress–

stretch behavior of the EPDM rubber can be modeled as that part of material parameters are functions of

the stretching rate. The model parameters associated with the degree of damage are independent of

stretching rate. In dynamic case, it is interesting to note that the model parameters m and r, which are the
Table 3

Model parameters li and ai (i ¼ 1, 2, and 3) at a stretching rate of 3,000/s
i 1 2 3

li 188.6373 )1061.0986 )0.04922
ai )0.5281 )0.09549 )11.9074
m 0.9773

r 2.0620
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indices of the degree of damage in Ogden and Roxburgh�s (1999a) model, are the same in our dynamic
experimental results as in the quasi-static experimental results.
5. Discussions

The stretching rate ranges covered in this experimental study of EPDM rubber were quasi-static (from

0.004/s to 0.4/s) and dynamic (from 2500/s to 3200/s). The upper bound of the quasi-static stretching rate

range was limited by the capacity of the 810 MTS material testing machine while the lower bound of the
dynamic stretching rate range was limited by the physical length of the SHTB. Even though there is a very

large gap between the two loading rate ranges, the experimental studies in these two stretching ranges give a

practical view of how the stretching rate affects the stress–stretch behavior of EPDM rubber. To obtain a

comprehensive view of the stress–stretch behavior, the huge gap between these two stretching rate ranges

must be filled. Therefore, new experimental techniques that can provide middle loading rates will have to be

developed and employed.

In the phenomenological modeling of experimental results, Ogden and Roxburgh�s (1999a) model was
employed based on the assumption that the parameters in this model are rate-dependent. This assumption
is justified by the phenomenological characteristic of this model. For a mechanism-based model, it is

necessary to conduct more systematic dynamic experiments and examine the associated deformation/failure

behavior to develop a fundamental understanding of the rubber deformation under high-rate loading in-

cluding inertia effects.
6. Conclusions

Quasi-static and dynamic tensile experiments have been performed on an EPDM rubber. The grip design

allows no slippage between the specimen and the grip over the entire duration of loading cycles, quasi-static

or dynamic. The employment of a momentum trap bar and a short specimen in the SHTB technique en-

sured that the specimen was loaded by a single, well-defined, constant-rate loading history under dynamic

equilibrium.

Besides the well-documented phenomena of the Mullins effect, hysteresis, and permanent strain set, the
quasi-static experimental results revealed that a previously ignored behavior, named the permanent stress

set, exists during cyclic loading. Both the permanent strain set and permanent stress set increase with in-

creasing maximum stretch. Dynamic experimental results show that the Mullins effect also exists under

high-rate loading. The rate effects are found to be associated only with the material properties. The damage

state in the rubber varies only with the maximum stretch ratio.

Ogden and Roxburgh�s (1999a) model was employed to describe the loading sections of the stress–
stretch curves at various loading rates and maximum stretch ratios. This model can precisely predict the

behavior of the quasi-static original loading path. However, it can only predict the subsequent loading
path reasonably well, since it does not accommodate the effects of permanent strain set and permanent

stress set.

The curve-fitted constants also show that the effects of stretching rate and maximum stretch on the

stress–stretch behavior of EPDM rubber are independent of each other. For a low stretching rate such

as 0.4/s and below, assuming only one parameter (l) in the Ogden–Roxburgh model as a function of
stretching rate is sufficient to give a good description of the stress–stretch behavior of EPDM rubber.

However, this conclusion cannot be applied to the stress–stretch behavior of EPDM rubber at a high

stretching rate such as 3000/s. Therefore, it is necessary to develop a new model to describe the stress–
stretch behavior that includes the stretching rate effects on the material parameters. This new model
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must also consider the effects of the permanent strain set and permanent stress set on the material

properties.
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